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lll From h Desk III

For every one Trapezium - is just a quadrilateral with one pair of sides parallel.
But for us, it is a platform or an opportunity to express ourselves to the dear world. Just
as every other year we - the family members of Dept. of Mathematics in B. Borooah
College are happy to present our annual magazine to the readers.

Though the process changed a bit this year, considering the prevailing Covid-19 situation.
We were bound to move on to cornect and complete this whole process virtually. But we

highly appreciate the support from out mates and advisors, that made this journey a fruitful
one.

| We believe, readers will love this volume of Trapezium. As well, we would love t0
hear back from them to continue this journey in the upcoming days.

Asthe editors, we feel proud to get this chance and would like to thank each one, Who

ed us in getting this prepared. Especially, we would thank our teachers
guidance throughout the process.

have contributed orhelped
for their support and

Hirak Jyoti Sharma
Sofikul Islam '
Editors
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Fractal Geometry : An Introduction

Dr Anjana Bhattacharya
HoD & Associate Professor
Department of Mathematics

What do the following have in common:
- agalaxy, a coastline, a lung, a tree
- afigure which changes its shape, the closer you look at it
- afigure that looks the same at any scale
- afigure which has dimension in between two and three
- afigure which is self similar in nature i. e. the constituent parts are identical to the
whole pattern.

The answer is- all are related to the magic of fractal.

The word fractal is originated from the Latin word fractus-which means fragmented
and irregular.

A fractal is a rough or fragmented geometrical shape or pattern that can be subdivided in
parts each of which is a reduced size copy of the overall pattern. The study of the fractals is the
fractal geometry. This whole new branch of geometry was first developed by an IBM scientist
and Professor of Mathematics at Yale Benoit Mandelbrot in 1975. Some prior mathematical
thinkers like Cantor, Hansdorff, Julia, Koch, Peano, Poincare, Sierpinski etc. had attained
isolated insights of fractal understanding, but their work was quite ignored at that time. Benoit
Mandelbrot is the first to explain the concept underlying fractal geometry through his seminal
work-"The fractal geometry of nature”. '

The traditional Euclidean or classical geometry, which is familiar to all of us, deals with
straight lines, polygons, circles and other shapes and objects. It has served us for centuries in
the development of science and technology. But it can describe things and objects, almost non-
existent in nature. In reality Euclidean geometry fails to describe the natural objects around us
like cloud, mountain, a coastline or a tree. Before Mandelbrot mathematicians used to believe
that most of the patterns of nature were far too complex, irregular, fragmented and amorphous
and could not describe mathematically. But fractal geometry is the geometry of nature with
which we can describe and mimic nature in a way which is not possible before. Fractal geometry
help us to visually model the natural objects like coastline, mountain, snowflake etc. It can also
be used to model soil erosion and to analyse seismie patterns.
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Method : The numerical methods used to produce fractals are not so difficult. Fractal

images are produced by graphical representation of points obtained from some simple
mathematical equations performing iterations a million of times.

The computations and display of results are done with the help of computer and computer
graphics.

The method used is the Newton’s method of iteration, which is used generally to solve
higher degree equations. To iterate a given function, an approximate solution is taken. Then a
better approximation is obtained by putting the last answer back to the equation. The PYOC?SS
is repeated until the answer does not change-that being a solution. Similarly different st.artmg
value is taken for other roots, and if lucky the formula converge to an alternative solutlon:

The boundary between the range of values converging on one root and those converging
on another is a fractal curve,

Let us now discuss the most famous fractal image of the Mandelbrot set.
How to build the Mandelbrot set

The Mandelbrot set is the set of all points which remains bounded for every iterati'(liﬂ
of f(Zy=Z*+C on the complex plane, where initial value of Z is 0 and C is a constant. T0

. . ire two
create the fractal image of the Mandelbrot set, we have to separate the points of the entire tW
dimensional complex plane into two categories :

Points inside the Mandelbrot set

Points outside the Mandelbrot set

If’ we take a point C on the complex plane, it will be of the form X +Y. If Z=0 is takeoﬂ
2 starting point the value of Z2+C, the point Z=0 is the critical point where d/dz (Z=+C)™0"
on repeating th

8Z=C, the next result will be C+C. thus if iteration 15

o ege int
» & Sequence numbers will be obtained for initial po!
ers is called orbit of C.n

ing its distance from ori

€ same calculation takin
done repeatedly for the function 24C
C. this sequence of numb
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detailed picture we will get. For example take the point C=-0.5+i. Iterating the function Z2+C
will produce the following values:

Step Current Value Distance from the origin
1 0.5+ 112

2 -1.25 ’ 125

3 1.06+i 146

4 -0.37+3.1i 3.15

At the third iteration, the distance of the point from origin becomes greater than 2. this
means that initial point C does not belong to the l\/!andelbrot set. L?t us repeat. t!w same
process for the point C=0.2+i0.5. in this case the distance of t}le pc.nnt from ongml ne(\;er
becomes greater than 2, After performing a maximum number of iterations (for. example 200)
we can conclude that the initial point C belong to the Mandelbrot set. The list of numbers
obtained in this case are:

Step Current value Distance from the origin
1 0.2+*0.5 0.54
2 -0.01+1*0.7 0.7
3 -0.27+1*0.49 0.57
4 0.05+1%0.22 0.22
5 0.15+1%0.52 0.54
6 -0.05+1*0.66 0.66
7 -0.23+1*0.44 0.48

i tset:
to produce the Fractal image of the Mandelbro .
HOW' "I)‘: produce the fractal image of the Mandelbrot set we have. to consider each and every
point (x, y) in the complex plane and colour them accordingly. If the point (x, y) belong to the
Mandelbrot set, we colour it blue. If the point (X, y) goes to infinity, we colour it according to
how quickly it exceeds the number. Some colour is assigned to the points which take same
number of iterations to reveal that it is attracted by infinite, .
On doing so for every point (x, y) we will have a normal picture of the Mandelbrot set
as below: '
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The fractal boundary is the edge between the central blue sea and the rest of the picture.
Some other fractal images are shown below:

Conclusion :
Mandelbrot’s discovery of fractal
in twentieth century mathematics,
Scientists now have be
phenomenon.

geometry is treated as one of the greatest discovery

8un to investigate the fractal character of wide range of

of atoms with opposing properties is c|

time-b::: xé‘zz;::sjﬂafrtﬁgf for dynamical systems, which changes their behaviour over
fractals. In biology, the anom ly unpredmtable'ph}’SiCistS try to describe their routes by using
o resu“,_ : alous thermal relaxation rate of iron containing proteins has been

Ing trom the fracta] shape of the linear. Polymer chain that comprises all

proteins. Fractal forms are also found j -
5, ¥ in the body, I
and veins in mammalian vascular system A Fp AR R S

Chotician Michae] Mec Guij

Isive splitting technique, have P"Oduce.:d
$ Way have been used as backgl'o"“ds i
fructures have been used in still lives a

many motion pictures;
animations.

' N bl’ﬂakS t i iti

mathemati
fhanust acalliction e bmatlcs to show that mathematical equations are more
+ But beyond |, it Visual beauty can help to alter student’s

beliefs that mathematics is dry and j
: Inaccessj . :
discoveries. ble anq Motivate them towards mathematic?
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Ramanujan's 'The Most Beautiful Identity’

Hirak Jyoti Das
Ex-Student, (2012-15 Batch)

I'want to take the freedom of not introducing Srinivasa Ramanujan (1887 - 1520) to you,
because | believe the name of Ramanujan can't go unheard by anyone. People, who have atleast
peeked into his fields aiways tend to think, 'He would surely have given a lot more, if . . . '
Freeman Dyson (1923 - 2020), a great physicist and mathematician had his words as

"The wonderful thing about Ramanujan is that he discovered so much, and yet left

so much more in his garden for other people to discover. For Jorty-four years I

have intermittently come back to Ramanujan's garden; and every time when I

come back, I find fresh flowers blooming."

Now it has been a century since the time of Ramanujan and his genius is still pushing the
curious minds in search of new knowledge. If you step in for the data of the number of brilliant
active researchers in number theory in the spirit of Ramanujan, you will be surprised by a big
number.

Anyway, we don't go to Ramanujan's biography here. Instead, we recollect some wonderfuj
mathematics that Ramanujan was interested in. To do that, we need to start with something
called partitions of positive integers.

A partition of a positive integer n is a finite non-increasing sequence A.: = (A, LS iy

" . g
of positive integers such that Z i A; =n Wecall ’Ifs the parts of the partition 2.

Let's take an example when n = 4. Quite obviously we see that the partitions of 4 are (4),
(3, 1),(2,2), (2,1, 1), and (1, 1, 1, 1). Similarly, there are 30 and 135 partitions for 9 and 14
respectively and so on. But interestingly, these numbers of partitions for 4,9, 14,. . . are following
a certain feature, It is almost obvious to everyone who does a bit of reasoning. The story of
Ramanujan's "The Most Beautiful Identity' started right here. Ramanujan had also noticed the
key feature about those numbers of partitions which led him and subsequently the next
generations to the field of generating functions for the number of partitions.

Let's call-on the story. We first move back to one of the greatest mathematicians, Leonhard
Euler (1707 - 1783). Let's look at the series expansion of 1/{1 - q) where lql<1

1

T:E =(1+q+q*+g’+...)
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which we are interested in writing as

1 .
1__5': (1+q'+ g™+ g+,

Now, look at the following product

= 1
H_l —q/ = (1 + ql + q|+| + ql+l+1+m) (].|.q2+q2+z+qz+2+2+ )

Jj=

If you try to pluck out the power 4 of q from the above, how many of them are going to

be extracted and what are they? They are very simple. First you will pluck out q¢, the next on®

seems to be g*! followed by g2, q2**1, and qr+++1, Well, everything is coming our way now.
In this process you have extracted 5 powers of q which are 4, and they are simply 4,3 + 1,2+

2,2 +.1 +1,and 1 +, 1 +1+ 1. These sums are special, because they form the partitions of 4.
Thus if we call p(n), the number of partitions of n, we have p(4) = 5 and

0 R ) 1
png" =T]—
»z«; lf:nll-q’
fthe number of partitions p(n), given by Euler. But the

n Cambridge, England after more than one hundred and
0 shown that

This is the generating function o
study of partitions intensively started i
a fifty years after Euler. Euler had als

; IT.a-¢)=1. VT +q-q2- g5+,
The powers, 1, 2,5,7,12, 15,..
are ready to enter the second decade o

e aer the f the twentieth century.
ercy Alexander MacMahon (Maj
Lucknow and Punjab under the Briti( o MaCMahon’ _ o v ey s

a sequence of events began whigt leSh empire in India, returned to England in early 1878 8

- are known as the pentagonal numbers. Meanwhile, W¢

Now back to our main sto,
ry. We have its i i
rocal of the above series, This implies that the Partition generating function is the rect

10

TRAPEZIUM

pO)=1,

p(1)-p(0)=0,

p(2)-p(1)-p(0)=0,

PB3)-p(2)-p(1)=0,

and, more generally, forn> 0,

p(n) - p(n~ 1)~ p(n=2) + p(n—S) +p(a=T)==++- - - =0

For each n, the sum on the left terminates, since all terms with negative argument are
zero. MacMahon, who was in Cambridge with Hardy and Ramanujan, used the above recurrence
to calculate p(n) for n < 200, and serendipitously listed the values in groups of five thus:

1 7 42 176 627 1958
1 11 56 231 792 2436
2 15 77 297 1002 3010
3 22 101 385 1255 3718
5 30 135 490 1575 4565

Ramanujan observed that the numbers at the bottom of each group are divisible by 5, that
is, 5| p(5n+4). He also observed that 7| p(Tn + 5), 11| p(11n + 6), and, on the basis of the very
small amount of evidence provided by MacMahon's table, formulated a very general conjecture,
which was essentially correct. Ramanujan did much more than proving 5 | p(Sn+4). He claimed
the generating function of p(5n +4) to be

; l - Sj )5
S piswn =TT e

"It would be difficult to find more beautiful formulae than the 'Rogers-Ramanujan’

identities, but here Ramanujan must take second place to Rogers; and, if I had to

select one formula from all Ramanujan’s work, I would agree with Major

MacMahon in selecting (1). Hence, I refer to (1) as "Ramanujan’s most beautiful

identity." '

This is the end of our story which is a small fraction of the great mathematical saga of
Ramanujan's work. The legacy of Ramanujan always continues.

11
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Why do Real Analysis?

Nijara Konch
Assistant Professor
Department of Mathematics

In undergraduate level mathematics honours classes, excluding a handful of earnest
students, real analysis is viewed as one of the difficult course to learn. There may be two
p.rimary reasons- firstly the abstract concept that is being encountered by students for the first
time which also demands rigorous proofs; secondly the lack of pedagogical exposure to make
them learn the art of abstract reasoning to understand things from intuition. As a consequence,

mere memorizing and vague absorbing habit adopted b i
et
even harder. pted by students to learn the course mak

Real analysis is the analysis of real numbers and objects formed from it viz. sequence

fore, it is a prerequisite that students are well
he three fundamental number systems: the natural

' o rationals Q (here the symbols N and Q stand for
natural’ and 'quotient'. Z stands for “Zahlen', the German word for 'numbers') prior to the reals

2. Itis al
. ;s;; s:])g::s:;?:ei ;hat students are capable of building up basic properties (say ordering
) ¢ property etc.) of these number systems of their own and are able to subjugate

interspersing of rationals by rationals), the con
fill the gap using which one ca ’

: n pass from a 'djs ‘conts
? contains rational numbers with 3 new limitj eyl fo ominuous system' Thel’efor?
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_ real number can be defined as an object of the form lim,,, a, where, (a,)2, is a Cauchy

sequence (an eventual - steady sequence') of rational numbers. And two real numbers

lim, ,, a, and lim,_,, b, are said to be equal ifand only if (a, )7, and (b,)2., are equivalent

n—a n n—»a - n

a

Cauchy sequences (i.e. (a, )5, is Cauchy ifand only if (b, )7, is Cauchy). Here well- defineness

and other usual arithmetic properties of real numbers are defined and validated from sequential
perspective. ‘

One question that often bothers the students is 'why do analysis'? Are rules and formulae
in calculus not adequate to solve problems? Answers is 'yes'. But without knowing why these
works, where they came from, what are the limits of applicability as well as exceptional cases
(if any) may put one into trouble. For example, let us consider the infinite sum

S=1+l+l+l+...
2 4 8

1 11
Then, 25=2+1+5+Z+§+~-.=>2S=2+S=2- Therefore, applying this

particular trick to this problem, we obtain the infinite sum equal to 2. However, if we apply the
same trick to the series
S=14+2+4+8+...

We get, 25=2+4+8+...= 28 =S-1 = S =-1. i.e., the infinite sum of positive terms
results a negative value which is definitely nonsensical. There are ample such examples of
dilemma. Therefore justifying such rules are of outmost importance which is dealt by analysis.
Moreover, analysis help one to develop 'analytical way of thinking' through which one can
place and modify the standard rules in a wider context or different frame viz. when dealing
with complex valued functions instead of real valued functions, how to work in a spherical
frame instead of a plane etc. Over course of time, it will actually develop of sense how to adapt
to a new situation logically and analytically. That is why analysis of real numbers is fundamental
in mathematics.

1. A sequence (a, )7, is said to be eventual ¢ - steady if and only if there exist a natural

n=1

number N such that |a, —a,| <€ forallj, k >N.

(Courtesy: Analysis I (Third Edition) by Terence Tao)

13
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Music, Poetry, and Journey of Fields Medalist
Manjul Bhargava

Hirak Jyoti Das
Ex-Student (2014 -17 Batch)

A.Iot .of the time, when you do the math, you're stuck, But you feel privileged to
work w.zth it -you have. a feeling of transcendence and feel like you've been part of
something really meaningful......(Akshay Venkatesh, Fields Medal winner)

i Tll;e Fiedlds Medal is regarded as one of the highest honors a mathematician can receive
a.n . .as e?n. escribed as the mathematician's Nobel Prize. The Fields Medal also has an age
limit: a recipient must be under age 40 on | January of the year in which the medal is awarded.

Manjul Bhargava, the first Indian-origin mathematician to win the coveted Fields Medal.

He said that the inspiration behind his dis ies i
' : coveries in i
ofancient Indian mathematicians. The classic w i ory has been the classic works

have been particularly influentia i workorks of Pingala, Hemachandra, and Brahmagupta

In part because of the scientific n

ature of the Sanskrit language, many remarkable

eat ici
course Brahmagupta. Their works contaj o emaicians Aryabhata, Bhaskara, and of

incredi o
icia;edlble mathematica] discoveries, and were very

r of musica) instry

hm .
was the tabla. He enjoyed thinking about th and percussiq

Carnatic music.

While growing up, he lea,

rned from hig
was discovered in ancient i grandfather how i i ics
but poets (or li avelent tl.mes,by scholars who considered thmuch netedible mathe{n?t 5,
p p nguists). Linguists such as Panini, pjp ] emselves not mathematician™
iscovered some wonderful and deep mathematica; 8ala, Hemachandra, and Narayana
¢

oncepts while studying poetry.

ments, such as sitar, guitar, violin,
n the most! His favorite instrument

14
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Here is an example, originating in 500 B.C., that has been particularly fascinating to
him as a drummer.

In the rhythms of Sanskrit poetry, there are two kinds of syllables - long and short. A
long syllable lasts two beats, and a short syllable lasts one beat. A question that naturally arose
for ancient poets was: how many rhythms can one construct with exactly (say) eight beats,
consisting of long and short syllables? For instance, one can take long-long-long-long, or
short-short-short-long-long-short. ‘

The answer was discovered by the ancients and is contained in Pingala's classical work
Chandashastra.

Here is an elegant solution. We write down a sequence of numbers as follows. We first
write down the numbers 1 and 2.

And then each subsequent number is obtained by adding up the two previous numbers.
for example, we start with 1 and 2, and then 1+2 is 3, so we have so far 1 2 3. The next number
is obtained by adding up the last two numbers 2 and 3, which is 5. So we have so far 123 5.
The next number written is then 3+5 which is 8. In this way, we get a sequence of numbers 1
235813213455 89... The n-th number is written tells you the total number of rhythms,
consisting of long and short syllables, having n beats. So for 8 beats, the answer is that there
are 34 such rhythms in total.

This sequence of numbers is now ubiquitous in mathematics, as well as ina number of
other arts and sciences! The numbers are known as the Hemachandra numbers. The numbers
are also known as the Fibonacci numbers. These numbers play an important role now in so
many areas of mathematics. They also arise in botany and biology. For example, the number of
petals on a daisy tends to be one of these Hemachandra numbers.

This story inspired him when he was growing up because it is a wonderful example of a
simple idea that grew into something so omnipresent, important, and deep-unraveling surprising
and beautiful connections among different realms of thought.

I don't have any particular recipe [for developing new proofs] ... It is like being lost ina
jungle and trying to use all the knowledge that you can gather to come up with some new
tricks, and with some luck, you might find a way out....(Maryam Mirzakhani, the only woman
and the first Iranian to be honored with Fields Medal who died of breast cancer at the age of

40)

15
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Mystery behind Physical Constants

Kuldeep Sarma
~ PhD Scholar
Department of Mathematical Sciences, Tezpur University

Scientific progress has explained many of the physical phenomena. But the awe in the
finely tuned workings of the universe will remain. A sunset has lost none of its magnificent
beauty, even thqugh we may now explain that what paints the sky red each evening is nothing
but the preferential scattering of the blue end of the visible light spectrum and greater penetrating
power of the longer red wave lengths that pushes the red photons of light through the atmosphere
to our eyes.

Physicists explain that the physical constants of our universe like, the speed of light,

Planck's constant, the. gravita}tional constant, etc., are unique. If the value of these physical
constants had beep slightly different , the universe would have been very different . Even the
electrons and the protons are arran 5 ;

ged in such a way that nature is very fine t ini
. .. uned. Explaining
the mystery in the precision of masses of electrons, protons and neuths Prof. Georgi Wald,

aNobel Il;aureate in Physiology or Medicine from Harvard University states, "The great disparity
;II: mz;s; etween ?ucleons jan.d the electrons is one of the necessary conditions for life. Almost
¢ entire mass ot an atom is in the nucleus and it is thought to maintain its position regardless

he. only reason why anything in the universe

and weak nuclear forces, which are said to help us to h , . .

order and stability, is a great mystery. For ex i
arm's length, we feel the downward pull. Wh:t‘?: lc(:: giavity. If we hold a heavy object out at

. using this pull? W, ity. But what
produces gravity? We may then say, graviton pull’ We say, gravity. But wha
totally imperceptible. & S. But what are gravitons? We do not know. It 15

Similarly, b i '
a single typ :;fxen‘:ittl;,t};;;;?:ie\t;; ie:r;]di ;h:) t:lﬁ;tforqa.gblietic forces are theoretically carried by
o Invisible and mass) in their
effects, as iron is drawn to a magnet, Byt wj, assless, observed only in t
. . ' at exactly produc A at
rea?l}es gluotuzlootfheel 1r;n, oor in the nucleus of an atompthat s::dt: ?tpll:s:ap o ﬂ;; n:agn;‘tjt?he
orbltmg‘ ectrons? Perhaps we are encountering the myster; Ing o . oW ond
the physical. ysterious subtlety hidden bey

16

e

TRAPEZIUM

Simulated Reality

Rownak Kundu
Ex-Student (2013-16 Batch)

Many of you might be familiar with the movie Matrix. Based on simulated reality, the movie
depicts a dystopian future in which reality as perceived by most humans is actually a simulation
called "The Matrix? created by sentient machines to subdue human population, while their bodies?
heat and electrical activity are used as their source of energy.

In recent years, the idea of simulated reality has gain such a momentum that investors of
the likes of Elon Musk has been rumoured to fund for its research. Even physicist, Neil de
Grasse Tyson was once quoted saying, " The odds are at 50-50 that our entire existence is a
program on someone else's hard drive".

Simulated reality is a hypothesis that reality could be simulated to a degree
indistinguishable from true reality. The simulated reality imitates the real world and exists as a
distortion inside the human mind. The concept of simulated reality rests on older concepts
such as solipsism and the conundrum is that we can never really know if our senses and memories
are mere illusions. In a papcr published in 2003 by Nick Bostrom, a trans humanist philosopher,
he argues that the simulated reality argument is, in fact, correct and that the world that we see
around us is very likely to be a computer simulation. The paper begins by arguing that at least
one of the following propositions must be true -

Q The human species is very likely to go extinct before reaching a post human stage.

Q  Any post human civilisation is extremely unlikely to run a significant number of simulations
of their evolutionary history.

O  We are almost certainly living in a computer simulation,

The paper then goes on arguing that there is a significant chance that we will, one day,
become post-human who runs ancestor simulations, therefore, it is almost certzin that we are
living in a computer simulation. Since, 2003 there has been a lot interest in the idea, especial ly
with the online community. ‘

While the argument regarding simulations is a twisted view of reality, and proposes an
interesting question regarding nature and technology, there has not been any evidential proof
regarding the same. The difference between simulated and non-simulated reality also seems to
moot depending on one's perception about what is real and what is not. Simulated reality is
used mere as a thought experiment or a narrative twist in fiction, rather than a theory that any
body genuinely believes in. 17
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Letter to Ramanujan

Purbasha Bharadwayj
2nd Sem., Department of Mathematics

Dear Ramanujan Sir,

~ It’s been decades since you left us, I would say it was one of the most unfortunate
demise of all times. You were a gem to the world of Mathematics. But for now I am much glad
to get a chance to speak my heart out to you through this letter.

When I look through your extensive inventories, though I have not had access to most of
them till now, yet, the few I know are so brilliant like the ‘Divergent Series’, ‘ Rama— Satoseries’
and most importantly the “ Hardy —~ Ramanujan — Rademacher fsasymj;totic Sformula”—the
groundbreaking discovery of your time. Learning about your life, the amount of rejection and
other obstacles you faced surprise and at the same time inspired and motivated r':w because
you never.gave up. [ can’t believe someone can even reject those ‘Priceless’ pieces of theories
and equations you formed yourself just because you lacked a degree. 1 don?t know how you
were able to pull off those theories at such an early age even without a.com lete mathemat)i,cal
knowledge. I am glad Professor Hardly acknowledge your works and brog ht them to every
one of us. You have no idea how much I admire Mr: Hardy for his care and dgd ication towards
you. How he tried to provide you the foundational degree without makin | o r self
confidence. Inspite of having such a poor financial condition yOu nev g yolzl .o}s:e you ”
read that initially you wrote your theories and equations in the temple gg(i?us?bﬁii?}’éu

couldn’t afford paper and ink. I consider myself lucky that I didn’t have to face such obstacles

like you did. All those religious barriers you had to face, it must have been so difficult

[ read about the incident of you and Prof, Hardy. The taxi numpe 1729 dit'sa
dull number. But you found an interesting way of dealing with it as the r | 9! He told i sb :
expressed as cube of two different numbers in two different ways, [ w, sma le.st number t}c: e
yo.u came to that so fast. Later I got to know about the number théo as as?omshed asto doto
this. And you know, this number is now named after you. “1729; th?;{:;;’;ﬁ::‘:::fﬂ»

I recently watched your biopic and I ha ions i i
those theories and equations came It)o your min:, i:')h?: :{l :ll:l: 3201?:;: Tdy mind. How 08 }:::
time couldn’t understand most. You once told M, Hardy that aire o professors qft to
you unless it expresses a thought of God. I had to agk was there anqual:mn means '?°th"3§ 't
express such thoughts? What if that’s a famous proven theory. Wil y)(’ntx ::go);:l;‘};,:l:?d]ls:w
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there how you were underestimated and discriminated just because you were an Indian. I am
glad they got to know what you were capable of. You deserved every ounce of praise and
applause.

We will always be thankful to you for your contribution to math as your theories are
being used for futuristic ideas like signal and spring theory. I was so amazed and proud to know
that some of your theories are being used to study the black hole. How did you do that! These
are such recent discoveries; people at your time had no idea about them.

It’s puzzling how you came to these findings. Maybe Goddess Namagiri was always by
your side. You have added a new feather of success in the crown of mathematics. Your life and
way of living is a roadmap for every person chasing success in an honest and diligent way. You
are legend. As promised by Mr. Hardy, even if you left, your work will live till eternity. You
are and will always be remembered as

“RAMANUJAN: THE MAN WHO KNEW INFINITY AND BEYOND”

THE FIELDS MEDAL

The fields medal is one of the most recognize prizes give to mathematicians who
have achieved something great during their career. The official title for this prize
is the international medal for outstanding discoveries in mathematics and it is
given out once every four years to up to four Mathematicians under the age of
40.The prize is given at the International Congress of the International
Mathematical Union which is only held every four years and it is the most

prestigious medal in the field of mathematics.

19




TRAPEZIUM

History of Calculus

Partha Pratim Das
4th Sem., Department of Mathematics

Calculus, known in its early history as infinitesimal calculus, is a mathematical discipline
focused on limits, continuity, derivative and infinite series.

Calculus was then came to development as there was something about curvature that
specially required some extra technique, such as the area of a rectangle was easily calculated
because the distance between opposite side is fixed, but when a value such as the height of 2

figure is changing from one point to the next, the technique of algebra and geometry didn’t
work any longer and something more sophisticated was needed.

ay

/ f(x)

a b “x
Rectangle Area under curve

During the 17th century this sophisticated branch of

The first to make considerable progress, but everything came together with Isaac Newtom
who along with Gottfried Leibnitz credited with developing modern calculus.

Talking about the pioneer of calculus starting from 17th century. The ancient pefi"d
introduced some ideas of integral calculus for calculation of volumes are;l by the Egyptian but
not in a rigorous and systematic way and later some more was added’ by the Babylonians who
discovered trapezoidal rule while doing astronomica] observation of Jupiter.

From the age of Greek mathematics Exodus, they were able to prove area of shaP®

through method of Exhaustion for normal polygon, say an octagon when they split it up intoa
number of triangle and find the area of the polygon by adding area of each triangle.

mathematics finally came about.
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Dividing an octagon into  Number of triangles-to get its area

But circles were special since they can’t directly be split into triangle so they inscribed a
polygon and gradually increased the number of sides so that area of the circle would
approximately be equal to the area of the polygon but the area of the circle would only be
same as the inscribed polygon with infinite sides from this we get the concept of limit and it
incorporated the idea of the infinite process, while Archimedesdeveloped this idea further by
resembling the methods of integral calculus.

On the Medieval era, one of the greatestmathematicalastronomers who contributed to

calculus was Madhava who linked the idea of infinite series with geometry and trigonometry.
He was able to formulate infinite series expansion for sine, cosine, arctan and even 1 which
was utilized more later to form the concept of calculus.
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Coming to the Modern Era, where calculus got formed and its discovery is often attributed
to two men Isaac Newton and Gottfried Leibnitz who independently developed its foundation.
Although they were instrumental in its creation, they thought of fundamental concept was in
different ways. Newton came to calculus as part of his investigation in physics and geometry.
He viewed calculus as the scientific description of the generation of motion and magnitude. In

comparison, Leibnitz focused on the tangent problem and came to believe that calculus was a
metaphysical explanation of change.

Sir Issac Newton

Gottfried Leibniz

Newton developed calculus simply out of necessity in order to hove tools he needed to
solve problems in physics regarding celestialmotion. He realized that if we drop an object its
speed will increase every single instant until it hits the ground. But during the time the object
must have some definite speed at any given instant. He knew of no mathematics that would
adequately calculate instantaneousvelocity as something has to be development that could
describe the difference between the value of a function. So, this concept of rate of change was
the important path that bought the mathematical revolution towards the development of
differential calculus.

Leibnitz knew that 2. Bives the tangent but he didn’t use it as definin

roperty, on the
other hand, Newton used quantities x and y. € property

‘ ; : It is interesting to note that Leibnitz was very
conscious of the importance of good notation and put a lot thought into the symbol he used-

Leibnitz notation was better suited to generalizing calculus to multiple variables and in addition
it highlighted the operational aspect of the derivatives and inte

motivation that is used in calculus today is due to Leibnitz such
for derivative of a function y of the variable x.

gral. As a result, much of the
as “ [ dx’ for the integral and

Rate of change problems Area under a curve problems
\)

\

Differential Calculus Integral Calculus
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Differential Calculus Integral Calculus

e We can do something infinitely many times and get a finite answer

e Involves things that are infinitely small or are infinitely close together.

Newton-Leibnitz Controversy was a rift in the mathematical community lasting
ancentury. Leibnitz was the first to publish his investigation, however it was well established
that Newton has started his work several years prior to Leibnitz.Today both Newton and
Leibnitz are given credit for independently developing the basis of calculus.It is Leibnitz
however who is credited with giving the new discipline the name it is known by today
‘Calculus’.

WOLF PRIZE IN MATHEMATICS

The Wolf foundation of Israel awards six different prizes each year and one of
them is the wolf prize in mathematics. This prize has been aw.arded. since 1978
and it is also a prestigious honor to receive one in t?le t.'lelds in whlcfh t?]ey are
given. Some of the recent recipients of The wolf prize in mathematics include
Peter Sarnak, Michael artin, George D. Mostow, Luis Caffarelli and Micheal

Aschbacher.
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Vedic Mathematics : It’s Contextuality
in recent times

Hirak Jyoti Sharma
4th Sem., Department of Mathematics

Vedic mathematics - yes, unfortunately till date we generalize this core subject as justa
set of some shortcut tricks to do our general arithmetic operations, but factually it has a lot
more within. The same segment of mathematics has often fascinated many mathematicians
and renowned scholars of all time.

This name actually originates from the Sanskrit word ‘Veda’ which means ‘Knowledge’.
It is believed that this system of mathematics was discovered by an Indian mathematician-
Jagadguru S hri Bharathi Krishna Tirthaji in the period between A.D. 1911 and 1918. As said,
he was an avid reader and a great researcher of that time. He went into deep meditations and

studied the four Vedas extensively and discovered these sutras (formulae) lying hidden in the
verses of Atharva Veda.

Originally, his findings consisted 16 sutras and 13 sub-sutras (sub-formulae) which can
be used for solving problems in arithmetic, algebra, geometry, calculus, conics etc. But with
time, many scholars have studied the same and implemented it in the modern - day problems,

hereby developing many more sets of applications in today’s date in the fields of Mathematics,
Physics and other disciplines.

We can simply define it as a collection of these techni
mathematical problems in an easy and faster way. Many a
solving a mathematical problem takes enough time,
Vedic math, its general principles and specific techni
same numerical can be solved more efficiently.

ques or sutras that help us to solve
times, using regular methods for
as well involvescomplexity. But with
ques associated with that set of data, the

CoxT)ing to its-beneﬁts, it is cent percent clear that we can do a numerical using Vedic
mathematics many times faster than normal math, I¢ increases our speed and accuracy, which
*

getinstant results, As it involves good
ur r!mental ability and intelligence. Also it
a child. And accordingly, it will make us &

, increases o
increases our visualization and concentration as

mental calculator,
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Of course, as everything else, Vedicmath too has its negative side. As here the general
rules are meant for certain type of problems, in a whole to use Vedic mathematics, we have to
learn many rules, that will often create confusion. Also, in many cases, it requires a good
amount of mental effort, that may not be possible for each one of us. And interestingly, we will
not be allowed to write examinations using Vedic mathematics.

Today, we can gather up hundreds of books and good publications made available by
different writers in the last decades, and learn Vedic Mathematics, its techniques, and
implementations in our daily problems. However, they all are based on the book by Tirthaji,
which was first published in 1965. The book had forty chapters in its 367 pages.

In recent years, there have been many organizations and set-up that promotesVedic
mathematics and works on behalf to represent it in both local and global platforms. Thiseffort
has surely created a general awareness regarding the subject and its great significance. But,
such a segment of knowledge surely deserves to be known to every one and a lot more

practitioners.
It is quite obvious that mathematics was, or never will be a cup of tea for each one of us.

But notably, with just few skills in this field, many ones have succeeded to be in a limelight.
And it will only be possible if we go along Swami Vivekananda’s advice : “Back to Vedas”.

Even our Government has now intensified that just to be good in regular studies is
never enough. The newly proposed National Educat.ic.m Policy-2020 has a lot of focus on the
vocational subjects, its trainings and degree opportunities, so that we become more accountable
ndicates our need to be more efficient.

Here, in the same line, if our Govt. takes a step and prescribes Vedic Mathemz?tics too in
the new study curriculum, then it is quite sure that more hundreds of students will eager!y
have the same tea. What it means, is that every child deserves a chance to know about Vedfc
Mathematics, a golden gift from our ancestors. At all, they shoulc? take the b.erfeﬁ‘ts of Veénc
mathematics and should have fun in doing and learning mathenjatlcs. Hence .|t 1s. rightly said,
“if mathematics is the queen of all sciences, then surely Vedic mathematics is the way to

that kingdom.”

25
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Arithmetic and Philosophia

Bhrigu Das
4th Sem., Department of Mathematics

- "Mathematics is the queen of the sciences- and number theory is the queen of
Mathematics." — Carl Friedrich Gauss

‘The title is too classical, I guess !' don't worry I am not here to make you read tough
words, or words our brain can even digest.

"The reader' I will be directly pointing with 'you' so don't get confused. You must be
familiar with the word 'Arithmetic' (a branch of mathematics that deals usually with the non-
negative real numbers including sometimes the transfinite cardinals and with the application
of operations of addition, subtraction, multiplication , and division of them). Modernly known

as Number Theory, a branch of pure mathematics devoted primarily to the study of the integers
and integer-valued functions . You must have seen some of the de

It's all up to you, magic of mathematics is wa
treasure hunting or looking for a myste
all.

iting to be explored! one can relate it to
ry to solve. You can think your way, learning is fun after

Uh-huh ! As I mentioned 'FUN', Are you familiar with
wisdom' and is the study of general and fundamental questions, such as those about reason,
existem.:e , kn.owledge , values , mind and language. Its like havir;g the curiosity of knowing of
something with all questions, 'Why', ‘How', 'If'...and when | say philosophy of mathematics,

you will be taken to history of how mathematics came tg it ex; i .
. o S in
write long-long histories / some are short Sistence. Again [ am not go g

too don't worry [haha)
Basically, 1 want to say, you should have the | : .
through history and start seeing Mather € love of wisdom and its fun, when you g0

atics with a different i 's
. i : . perspective, apart from today
day-to-day life, you might find something Worth your Wwhile .\When s[c:meone i: spending count-

less hours, day and nights just to solve one .
’ Problem and finaj ingi i joy is
" oy Y solving it, the feeling of joy
a c§a.zyl'.onte.:, Have tzrou f?lt that _|oy‘7 - Hopefully in your school days, getting a addition of
multiplication or subtraction or division regy¢ correct . Hope yoy expe;ience the same again -

Math can be hard, but if you find tge right lens t, ,
exciting view albeit with numbers and sympogs. "&b You il find that it quite and

Now go, can't say which mystery is wait
forget the basics'. Y 15 aiting for yoy but there surely is an advice-never

Philosophia? It means 'love of
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Prime Factorial: The Core of RSA Encryption
“Number theory is the Core of encryption”

Sofikul Islam
4th Sem., Department of Mathematics

Encryption, when this word comes in front of our eyes, the first line that strikes in our
mind be like "Messages and calls are end-to-end encrypted”. The first WhatsApp security

protector line. Isn't it? . fmi
Security, this word makes us feel free from hesitation, decreases the burdens of minds

and many more. This word security leads to the 'sc.ience' of encryption’. i.e., CRYPTOLOGY.
Cryptology, the study of codes and ciphers. Wait! wait! no need to worry. We will ur.lderstand
these in a simple manner. It is the union of.CRYPTOGRAPHY (Codemaking) and
CRYPTANALYSIS (Codebreaking). Codes and cxghers are seemed to be same but not at all
same to a cryptologist. Codes are prearranged su!)snmws for lette.rs, words or phrases where.a
cipher are the algorithm to convert the messages into unrea(.lable ,mn;bleg Most :ryptograPhxc
algorithm use keys, which are mathematical values that plug into the a gorn;llms.sl the i'gogtﬁm
lays to encipher a message by replacing each letter by a numerical equxt;a int (t ati A-l— 1, 'th— 2
and so on) and multiply the result by some number.x, th?n X reprgsensts , Se 5?’ ch :ha ion 6111t
For example,if S is the key the word 'attack’ tumns into 'S .l 00 100 : | k\;v:( ! e :;y k, 8;
becomes'6 120 120 6 18 66". Ciphers algorithms and cnpl.xers keys; are loo :) et ﬂcl)o:; oc
door keys. The lock made by the same company may works in a similar pattern but the keys are
different for each and every lock.

We got a simple idea about
'if it is very easy for a computer to

encryptions. But the question that arises in ?nto mind is l.ike,

deryptthelgor’, then iy wo s this ypeofcdin?
e :d is absolutely right. Why? why do we use this? Now, 0 conv.e
this " e:sgefgfzf,f:uﬁxtx:ﬁlike impossible! "._ We will f°’° ti\rough :?ie ;nather;:tn:z wg:ch
is most likely one directional function. For exatpple, itis very su:np e:lm m b]:ry;:m on:aslfseus::)’
especially with computer. But it can be very difficult to factorize the nun;453:38 g; il
multiply together 34537 and 99991, then itis si_m;?le for calculator tcl) s:zr >3 rr;uch tou;h
asksus to find that two numbers which is multiplied to get the result, then it is very

& time consuming, Isn't it?

RSA encryption (Rivest-S
secure data transmission. They de
prime number",

hamir-Adleman) is a public key crypto system widely used for
scribed the algorithm in 1977 and called it "The algorithm of
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They use the mod function as the key function, Say a message get the numeric value 'm’,
then -
m°® mod(N) = Com—(i)
i.e., m multiplied e times to itself where ‘e’ is a public ex
random number N. They call this remainder is the output (C),

when C, N & e are given it is very tough to find m (same as the Way we use trial and error
method).So this is the one way functions that they took to apply as the mathematics lock.

To find 'm' we need other €xponent say 'd' such that

C! mod(N) = L (1)}

which undo the original message,

Therefore, from equation (i) & (i), we get

m(*") mod(N)=m

ie.,

m* mod(N)=m-----(*)

where, e is the encryption & d s the decryption, So We used a way to construct ¢ and d

in such a way which makes it difficy]¢ to anyone to find g yg; i
. , using e, i econd one
way function to generate d. & ¢. This required a second

ponent, then divides it by a
which is easy to perform. However,

any number can have exactly one prime

. e s 0, whe, i el
large prime numbers, it is impossible to f; fiever we multiply two hugely

ind the primeg usi 'P'apri f
150+ digits & P, of nearly same size, Then N p p 5. 5 '° "eSult. Say take'P,'a prime 0
| )

P, is about of 300 digits
STEP-II: We have to find a function which depends on factorizatiogn of N. For this we

break ability of a number, (N) is how

factonzatlon.s

the formula Y common factors with N and he gives
O®) = Pd i (iii)
0 (1) = (). (). oo (iv)
(P =Pc-Prt ——_—, v)
where P is prime. m . n are positive integers,
So, we have
dMN)=¢(P).¢(P,)

=(P, - l)(Pz- 1)
Whenever factorization of N js known it js eas ‘

' t

STEP-III : To connect ¢ (N) to mog Y to find ¢ (),

functi . ’
on, we haye from Euler’s theorm-

m *™ 1.mod (N)
we have to modify this to get m.mod(N),
@r=1

using simple mathematics, we get

TRAPEZIUM

m*¥ = 1k mod(N) = 1 mod(N).
(b) m."*=m
m.mk(N) = m.1.mod(N) .
m 4N = m mod (N) ......... . . (vi)
Again from (k) _
m* =m mod (N)
ie.ed=k(N)+1
d kg(N)+1
e : .

Therefore it is easy to calculate d only if the factorization of N is known,
That is d is the private key.
Example : :
Let m = 89. the message
() p,=53&p,=59
(i) N=p.p,=53x59=3127
(i) ¢(N) =¢(p,). ¢ (p,)

=(p,- 1) (p,- 1)

=52x58

=3016 .
(iv) Let e =3, which does not share a factor with $(N)

(v) To find my privates code d.
24N+

3
2x3016 +1

3

Now I hide Zlvlerything except N & e as they are public key. Now any public lock is message

m° mod (N) that is 89° mod (3127) = 1394, which he senz((l):sl to :;e.3 et
Now, I will use the private key d, 1394¢ mod (N) = 1394%"" mod ( .

d

i.e., I get the original message m = 89. . . » .
So, d can only calculated when the prime factorization of N is known. For a unknown person, it

it usi mputers.
will takes thousands of years ot decrypt it using the fastert comp
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trajectory for the autonomous system and these trajectories close up, rather than spiralling
inward or outward. The rabbit and fox populations oscillate through repeated cycles along a
fixed trajectory. The below figure shows several trajectories for predator-prey system.

Real life application of Differential Equations

1
o Ankur Kalita
2" Sem., Department of Mathematics
A
In 1925, Lotka and Volterra introduced the O
. predator-prey equati b
that models the populatl‘on of two species one of which preys oflqthe ;:se: i):tt jcn(]tOfequatlon[::
the number of rabbits living in a region at time ¢ and y(t) the numb .f Jreprese + 7%
region. As time increases the number of rabbits in er of foxes in the same Z

Figure- 1

Xes assumed to be Proportional to the product In this way, we can analyse population of two species one which prey on other with the

of the two populations. These assumpti
ption leads t,
iy § to the autonomous System ' help of differential equation.
P (-by)x———____ 0] | | |
28 ¥ d |
dy ‘
gy = etdny——____ (i) ’

unchange'd when and . Then (i) and (ii) become
This pair of simultaneoys equations hag t:'o ]
solutj

equilibrium or rest points, bo .
q points, both the Populations remajy, at constan 5] t
. Stant all over t; oin
i er time. The p

represents a place containi
| f cowith unihan i(:,ntalmnbg 1o member of fox no, rabbit spec: !
p ging number of both rabbit ap, Pecies; the point corresponds to 8 Figure -2 !

i . OX speci : . .
. . duam 'S existence gives 5 conservat; 8¢ over time, doesnot, Thus i 3 ;
point attime gives a value of that remains unchap . 1on law, A rajectory that begins at 3
ge

at future times, Each value of givesd 31
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Sum of Three Cubes

Dipsikha Haloi
4th Sem., Department of Mathematics

the Diophantine equation X*+y’+z3=n for ositive 'n'
leaving only 33, 42, 74, 114, | 65,390, 5?7 ) 627’"6§;m0st 1000 and for max (Xl jz])<10%,

problems for n less than equal 1000, » 132,795, 906, 921, and 975 as open

(-2,736,11 1,468,807,040)3 =33,
In2019, Booker, at the University of By

at MIT, were the first to fin ¥ o Brisol

fictional answer to "the yiti

Adams famously penned in his novel "The Hitchl’liker's lg:?;eioa?li zelmhing," s Dogts
a axy.ll

. f computati r i
Xy D=, letx=-8053873 881207591;4 Em later, the team had its solution, In the equation
»Y = 80435758145817515, and 5. 12602123297335631.

Plug it all in, and you get (-805387

) 38
(12602123297335631)= 42, Apq With that, w§12075974)3 G 80435758145817515)' *
100 (technically, up to 1 13).
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Godel’s Incompleteness Theorem

Tridip Bhuyan
2nd Sem., Department of Mathematics

In 1931, Mathematician Kurt Godel made a landmark discovery, as porverﬁ:l as anything
Albert Einstein developed. Godel's discovery not only applied to mathematufs b‘f‘ ht‘f"“!)’ all
branches of science, logic and human knowledge. It has truly earth-shattering implications.

Oddly, few people know anything about it. _ o .
In the early 1900's, however, a tremendous sense of optimism began to grow in

mathematical circles. The most brilliant mathematicians in the world were conyin'c':ed that they
were rapidly closing in on a final synthesis. A unifying “Theory of Everything tha?t would
finally nail down all the loose ends and mathematics would be complete. In 1931 this young
Austrian mathematician, Kurt Godel, published a paper that once and for all proved :hat a
single Theory of Everything is actually impossible. Godel's discovery was called” The

Incompleteness Theorem". . ' .
lz}odel Consider the statement "I am lying". This isa self-contradictory statement, since

ifit's true,  am not a liar, and it's false; and if it's false; | am a liar, 50 i true. This is known.as
"The Liar Paradox”. Godel started his research with this statement 'and oonvertecli ttl:e Liar
Paradox into a mathematical formula. He proved that any statement requires an :xt;arna ohserver,
no statement alone can completely prove itself true. From where Godel got the two
incomple ms. . . r axioms:
g‘htt:?::rs\ctl::g: of mathematics is the set of basic mathema;c:ICifagti 0:01’::'&; g:‘t
Wwas both consistent, never leading to contradictions a"ld complet;; u . <s> :v “l; o b)e,
set of axioms we could posit as 2 possible foundation for mathema ct:be. e tl):ose
incomplete. There will always be true facts about numbers .that canngA ‘:)nsisten t)} ot
axioms, This is the Godel's First Incompleteness Theorem whu.:h statt_%s ny : o oot s
system F within which a certain amount of elememarylamh’;:-etl:c»c‘;nneither be proved
incomplete i.e. there are statements of the languages of F which ca ;

nor disproved in F." llel lines never intersect each other but if we say

In mathematics we know that two para g ider
that the two parallel lines intersect at infinity then we ge't a Q“Md'cuon' Actutal:y c‘,:ie:t;:: o:r
Us in a closed system and predict that they intersect at infinity, but we cannot de

prediction is true or false. May be they intersect or may be not. To know the exact result we
33
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have to come out from the system i.e. beyond the infinity, which is not possible. This is the
Godel's Second Incompleteness Theorem which states th

within which a certain amount of elementary arithmetic
cannot be proved in F itself."

Most interestingly, if we consider the whole universe is a closed system then from The
Godel's incompleteness theorem we can say about the existence of God from the outside of the
universe, which is not possible for us. Moreover Godel's theorem has been used to argue thata

computer can never be as smart as human being because the extent of its knowledge is limited
by a fixed sef o'f axioms, whereas people can discover unexpected truths. It plays a part in
modern linguistic theories, which emphasize the power of language to come up with new ways
to express ideas. And it has been taken to imply that

. leas.. we will never entirely understand our self;
since our mind h.ke any other closed system, can only be sure of what jt knows about itself by
relying on what it knows about itself

at “For any consistent system F
carried out, the consistency of F
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DEPARTMENT ACTIVITIES

' 4 sellee N & Ko _
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Students of our Department who secured 1st Class in
B. Sc. Final Examination

(Batch 2016-19)

e  Amarlyoti Nath ® Raful Choudhury
e  AnkurUpadhyay ®  SusilSarma
¢  Angshuman Sarma ®  Sudip Dey
e  Bharat Ch. Saikia ®  Utpal Das
e  BijitDas ®  UpamanyuDekg
e  Bedaprat Das ®  AnusuyaRoy
e  Chinmay Saikia ®  Gargi Gayan
e  Dheeraj Boral ®  HabiburNehar
e  GauravBardhan ®  Indunesi Saikiy
e  GauravKalita ®  Monica Dey
e  Hrishikesh Parashar ® Pyja Chetry
e  HafizurRahman i
®  Jyotishman Bhagwati Total 1st Clags = 24 (out of 32 appeared)
—_—
Students of our Department Who secureg Ist Class in
B. Sc. Final Examinatjop
(Bateh 2017.59)
AmitThakur S —
o Bijoy Dahal : gzlslflh?' Nag.
¢  DhrufismitaDes o o nelGogoi
®  Gyandeep Baryay . Nimjyog Saishya
o Himangshi Dekq X lslaktuna Medhi
. Manali Pay] ) ewabfat Dutta
©  MdAliAbbas . ShabariDgs
e  Nilimiyoti Sarmy 3 Shu"a@ Das
e NipankarKality Weshminara Begyy o
\
e e Tota] 144 Class = 17 (out of 29 appeaie_d_)____
\

Department Picnic
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